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686. 


ON A FUNCTIONAL EQUATION. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. xv. (1878), pp. 315— 
325; Proceedings of the London Mathematical Society, vol. 1x. (1878), p. 29.] 


I was led by a hydrodynamical problem to consider a certain functional equation 


} ve b 
viz. writing for shortness 2, = a, this is 


Az+B 
pu — px, = (x — a) a 


I find by a direct process, which I will afterwards explain, the solution 


tiie a we /{(a—d)? + 4be} (AD — BC) [® sin & sin nt dt. 

to do C (dC —cD) o sin étsinh zt ’ 
where ¢ is a constant, but £, 7 are complicated logarithmic functions of æ (& n, ¢ 
depend also on the quantities a, b, c, d, ©, D); sinh wt denotes as usual the hyperbolic 
sine, 4 (e™ — e—*), 


The values of & 7, € are given by the formule 
" 1 _ @+d+ 2be 
N ad—be ’ 
a=ar+b, b=—dzx+b, 


c=ca+d, d= ce—a 

W = Ca + De, 
Z = Cb + Dd, 
R= 2’Ac+Ad, 
S=- c— d, 
Ra EN 

T5 
S=- W-Z, 
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which determine à, R, S, R’, S’ and then 
£=4log y, n=4 (log à + log Sgr) C= log À. 
There is some difficulty as to the definite integral, on account of the denominator 
factor sin &, which becomes =0 for the series of values t= S but this is a point 


which I do not enter into. 


I will in the first instance verify the result. Writing æ, in place of æ, and 
taking £,, 7, to denote the corresponding values of £, 7, it will be shown that 


&=§& m=n+ 26, see post, (1). 
Hence in the difference pæ — pæ, we have the integral 


Ee Et {sin nt — sin (n + 26) t} dt 
sin ¢ sinh rt f 


(where and in all that follows the limits are «, 0 as before); here, since 
sin nt — sin (y + 26) t = — 2 sin & cos (n + )t, 
the factor sin divides out, and the numerator is 
= — 2 sin ét cos (n + &) t, 
=sin (n + £—£)t—sin(n + 6+ Ht. 
Hence the integral in question is 


a a OKRADA 


which is 


sinh rt sinh mt 


Now we have in general 


1 Bit [mrg at dt 


1+ exp. a sinh art ’ 
(this is, in fact, Poisson’s formula 


a eae = 4-2 [a Gnteg Cee dt 

1+ke™ 
in the second Memoir on the distribution of Electricity, &c., Mém. de. lInst., 1811, 
p. 223); and hence the value is 


en pare e77t 


1 $ 
I+ exp. (n +E- E) 1+exp (9+ 48)’ 
or since 
RR’ RS’ 
n+€=logr+4 log = Ss”? c= 4 log Brg, 
we have 


12 t 
n+E- E= logh +4 log ka= log x, 


2 
n+E+E=loga+}log, = loga Ë, 
38—2 
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and the value is thus 
1 4 1 EN (RS — RK) 
ae Ne AR +8) (ABR +8) 


Hence, from the assumed value of dx, we obtain 


ad V{(a — d} + 4bc} (A.D — BC) (RS’— B'S)» 
Pei Pits = yO is) a ae ee © 
We have 
ie 2 
RY — Rigs OS Oh Sanya a 
ad — be 
Rrx+ S=(?-1)(cx +d), see post, (2), 
R+ S= -1)(a+d)(Ca+D), 
or since 
cu'+(d—-aja-b__ 
; ca +d i Š 
this is 
JA V{(a—d) + 4bc} (AD — BC) (a+d)xr X 
Pp = pe a Or) Se (ad = be) (= 1)(On + Dy  ~ ™. 
But from the value of X, | 
A ad — be 


M-i (a+d)V/{(a— dy + 4be}’ 
and the equation thus is 


3 A :AD= BOL. n. As+B 
p- ġa= (0-a [o-o =O- D 
as it should be. 


(1) For the foregoing values of &, m, we require R,, S,, R’, S/, the values 
which R, S, R', S’ assume on writing therein a, for æ. We have 


R,= (ca +d)+ (cm-a), 
substituting for #, its value, we find 


R, (cæ +d) = (a +d) (ce + d)— (ad — be) (A + 1), 
or writing herein 
_ 7.4 (@+adyr 
ad — be = QFIF” 


this is 


R, (cæ + d) = 


and similarly 


Ñ, (cæ +d) = 


A+1 
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We have in like manner 
Ri= Wy,+24%, where W,=0( am +b)+D (em +d), 
S =— W,-2Z,, where Z,=C(—dz,+b)+ D(ca,—a). 
Substituting for æ, its value, we find 
W, (ce + d) = C [(a + d) (ax + b) — (ad — be) £] + D [(a + d) (cu + d) — (ad — be)], 
4, (cæ+d)=C[ — (ad — be) #4} + DI — (ad — bc)]: 


hence, substituting for ad — bc as before, 


1+ d 
W, (cea +d) = OT (A +1" W—(a+d)r(Cx+ D), 
d 
Z, (oa + d) =, | —(a+d)r(Cu + D)}, 
whence without difficulty 
j _(a+d)r,, 
Ry (cæ +d) = ER R, 
PS Ee y 
Ky (cæ + d) = eS 
consequently i 
Pa- ay that is, & = £, 
/ RR’ 
Re <M n> » , m=log à +n, = 26+, 


which are the formulæ in question. 
(2) For the value of RS’— R'S, we have | 
RS’ — B'S =(ac + d)(— W — AZ) —(— Ad — ©) (w + =) 


= (= +5)e%+ 41) (d-0) W- dR} 
=-a-v{(1 +245) e%+(c-d) W+dz}; 


Muy 1 : an 
or substituting for A+ Z and W their values, this is 


~A] 
~ @d—be 


{(a?+ d?+ ad + bc) c (bO + dD) 
+ (ad — be) [(c — d) (aC + cD) + d (bC + dD)}}. 
In the term in { }, the coefficient of C is 
[(a? + d? + ad + bc) b + (ad — bc) alc — d (a— b) (ad — be) 
= (a + d) (db — bd) c — (a + d) dx (ad — be), 
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and similarly the coefficient of D is 
[(a?+ d + ad + bc) d+ (ad — be) c] c — d (c —d) (ad — be) 
=(a+d)(ad—cb)c—(a+d)d (ad — be). 
Hence the whole term in { } is 
= (a+ d) {[(db — bd) c — d (ad — bc) æ] C + [(ad — cb) c — d (ad — bc)] D}, 


which is readily reduced to 
(a + d)(ad—be)(—d0' + cD); 


ad — be = (a + d) {cæ + (d —a)æ— b} ; 


also 


so that we have 
RY- RI- C+ (aq oD) {oat + (d—a) 0-8, 


which is the required value of RS’—R’S; and there is no difficulty in obtaining 


the other two formule, 
Ra +8 =(?-1)(ce+d), 


R+S = -1)(a+d)(Cx +D); 
the verification is thus completed. 


To show how the formula was directly obtained, we have 
Aot BA OAD BO ya 


Cea+D C C Cæ + D 


= = + Bx suppose ; 
the equation then is 
A 
pz — Px, = G (æ —a,) + (æ — 2) Ba. 


Hence, if a, 2, #3,... denote the successive functiors Xæ, Yæ, Ys, &e., we have 


px; T px, = = (2 = Xz) R (a, ar Sa) Ba, 


A 
PL, — Hx; = T (82 — 23) + (Hz — 23) Bae, 
whence adding, and neglecting dw, and w,, we have 
A 
px = T æ + [(@ — x) Bx +(x, — w) Ba, + (8 — 23) Ba,+...], 


where the term in [ ], regarding therein 2, a, &s,... as given functions of 2, is 
itself a given function of æ; and it only remains to sum the series. 


Starting from 
_aæ+b 


~ ca td’ 


“Y= “a 
and writing ; A e 
a“ + d“ + 20e 


+ ad—be ’ 
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then the nth function is given by the formula 


(0+ — 1) (aw + b) + (A®— 2) (— da + b) 


i E E E N= AVG Say 


_@—1)a+ (A —A)b 
~ (AW — 1)e+(A"—v) d 


LMP +Q 
NM R+S’ 


if P=rAa +b, Q=—a—Ab, and as before R=Ac +d, S=—c—Ad. 
I stop to remark that à being real, then if A>1 we have A” very large for n 


very large, and m= which is independent of n; the value in question is 


A _A (as +b) + (—dax +b) 
"(ce +d)+( ce#—a)’ 


which, observing that the equation in à may be written 


ra-d _ b(A+1) 
c(à+1) Ad—-a’ 


rAa-d k bA +1), 
cà +1) ad—a ’ 
calling each of these two equal values 2, we have 


is, in fact, independent of æ, and is = we have £a- =&£n, Or 


p= eth 
~ ca +a’ 


which is the same equation as is obtainable by the elimination of à from the equations 


aa aa—d _b(A+1) 
WEARI) Ad-a’ 


© 


The same result is obtained by taking A< 1 and consequently n= g: 


We find 
PEREPERE iy aa AT Se a 
nri e R oS ASe 
_—d* 1 (A— 1) (PS — QR) 
~~ (77R+S8)A"R+8) ’ 


PS- QR =— (~ — 1) (ad — be) = — (N? — 1) (a + d) {ca° + (d — a) 2-9}; 


where 


and therefore 
a OR + 8) OAR +8) 


Ln—1 


Also 
AD-—BC 1 


Ptn = — Ce eee 
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where S is 
CAMP +Q+DA7I1R+8) RMS 
RE ate eat aad T 
where 
OP DRY b d 
TE mes a =0( a+>) +D( e+5), 


S =0Q+D8, =C(—a—ba)+D(—c-—aa); 


viz. 


Ra W+2Z, Sen We 


where Z and W denote aC +cD and bC0+dD as before. 


We hence obtain 


PRONE Net i BC) 
(AW — 1) (2-1) (a + d) {cæ + (d — a) æ — b} x 
Lt EEE SY EN (RNP +S) (RN +8’) 
_— (AD — BC) 
ERT as 
< ADO -— 1) (a + d) (cat + (d — a) æ — b} (RS’ — R’S) »” 


A (RS — B'S) (RA” + 8) (RA + 8%)’ 
or, substituting for RS’ — R’S its value in the denominator, this is 


AD—BC (ad—be)(2-1) ~~ (RS’— B'S)” 


(@n-a — dn) Bain = ——G— Ca dy x (cD — dO) (R* + 8) (RX 48) 
V\(a—d) + 4be} (AD-— BC) (RS’— RS) 
hey C(cD—dC) ~ (R+ (R+S 
and thence 
_4 Via- d}+ 4b} (AD-BO), (RS — RS) x” 
po = gom aaa ia" + S)GRN" 48)’ 


the summation extending from 1 to œ. 


Now the before-mentioned integral formula gives 


1 speme hgt 
1+ sinh zt í 
1 = p- [Bed tg te 
LEDAN sinh 7t ; 
Taking the difference, and then writing k= A k = = , we have under the integral 


sign 
sin (n log A + log 7) t—sin (n log A + log 5) t, 
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which is 

=2sin4 (log Fa) t cos (a log à + 4 log a) t, 
which attending to the before-mentioned values of &, n, ¢ is 


= 2 sin ét cos (2n€—€+7) t, 
and the formula thus is 


So S| ARS'- ES). [2an Ft cos (2Qnf =E y) édi 
R+S RNAS” ~— (Rv»X+8)(RA*4+ 8’) snh7t T 


We have here 


cos (2n€ — €+ n) t = cos 2nt cos (y — E) t — sin 2né sin (y — £) t, 
whence summing from 1 to œ by means of the formule 
cos 2 + cos 406+... =— 4, 
sin 2¢¢+ sin 4¢¢+... 4 cot &, 


(which series however are not convergent), the numerator under the integral sign 
becomes 


sin ét {— cos (y — Y) t — cot ft sin (n — £) t}, 


which is 
sin éż sin nt 
AAT nA 
and the formula thus is 
S (RS’— RS)" _— [sin &t sin nt dt, 
(R+S (B/A* + 8’) -j sin ģt sinh rt ’ 


and we therefore find 
A V{(a— d+ 4be} (AD — BC) [sin Et sin nt dt 


pragat O(eD — dC) sin Peele ori” 


which is the result in question. 


The solution is a particular one; calling it for a moment (px), then, if the 
general solution be pæ = s +(¢pxv), it at once appears that we must have Ox — Pa, = 0; 


and as it has been shown that = is a function of æ which remains unaltered by 


the change of æ into a, this is satisfied by assuming Ọs =f EN an arbitrary 
RS’ 


function of RS" Hence we may to the foregoing expression of æ add this term 
RS’ 
f (res): 
Postscript. The new formula 
(Aant — 1) (ax + b) + A” — 2) (— da +b) 


Se = (Get L +d) +(M*— 0) oa)’ 
1 a@+d?+ 2be 
where r+ “dae? 2) 
ie 39 
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_aaz+b 
~ ca +a’ 
remembered that, when n is even the numerator and denominator each divide by 
»—1, but when n is odd they each divide by *—1; after such division, then further 


for the nth repetition of a, is a very interesting one. It is to be 


dividing by a power of à, they each consist of terms of the form A*+ g that is, 


Nes 
they are each of them a rational function of A+. Substituting and multiplying 
by the proper power of ad—bc, the numerator and denominator become each of 
them a rational and integral function of a, b, c, d of the order n+1 when n is even, 
but of the order n when n is odd; in the former case, however, the numerator and 
denominator each divide by a+d, so that ultimately, whether n be even or odd, the 
order is =n as it should be. 


For example, when n= 2, the value is 


(2—l)at+(?—-A)b — (A?+A+4+1)a+Ab 
(F—1)ce+(Q2—A)d’ ~~ (A2+A41)c+Ad’ A 1 


or, as this may be written, 


1 
(A+; +2)a—a+b 


(4+5+2)e—c +d 


A 
where, observing that 
(a+ dF 


ats Y -a+b=-—(a+d)s, —c+d=-—(a+d), 


1 
M+54+2= 


the numerator and denominator each divide by a+d, and the final value is 


_(a+d)(aw+b)—(ad—be)e _(a?+bce)a4+b(a+d) 
a ~ (a+d)(ca+d)—(ad—be)’ ~— c(at+d)a+bce+a ’ 


which is the proper value of Xæ. But, when n=3, the value is 


(r+x)arb 
(t—l)a+Q%—-A)b _ (A? +1)a+Ab A i 


Aaaa rN a 2 RO l MS T , 
(4 —1)e+(A?—-A)d (2+ 1)e+Ad (x+s)exa 
À 
and this is 
_ (@ +d? + 2bc) (ax + b) + (ad — be) (— de +b) 
~ (a? + d? + 2bc) (cæ +d)+ (ad —bc)( ca —a)’ 
or finally 


pA are Foe Ee ee ae 
c (a? + ad + be + d?) æ + (abe + 2bed + d’)? 


which is the proper value of Sa. 
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